ON THE MAXIMUM OF THE FUNDAMENTAL FUNCTIONS OF THE ULTRASPHERICAL POLYNOMIALS
BY P . ERDÖS (Received August 27, 1943) In the present note we are going to prove the following theorem : Let -1 c x1 < x2 . . . < x" < 1 be the roots of the ultraspherical polynomial P ;," (x) with 0 a 3/2. (The normalisation is of no importance .) a = i gives the Legendre polynomial a = 3/2 gives Un(x) = Tn+i(x), where Tn(x) is the nth Tchebicheff polynomial . Let (n) P,(") lk (x) Pn ") (xk) (x -xk) be the fundamental polynomial of the Lagrange interpolation . Then max f lk°l (x) = il l', (-l) = l ;,n } ( 1) . Now from (2) Here xk = COStgk , x0 = COSJO , 0 < dk <_ 7r, 0 < 00 7r .
Let -1 <--_ x l < x_ < < x, <_ 1 be the roots of P ;,a) (x) ; put cost = xk 0 < tk < ar, then it is well known that' zr 7r z~v-0'+1 n+(2a+1)/2-n' Thus I 1k (x) I can take its absolute maximum in (-1, 1) only in (xk_1 , or at the points -1 and 1 . We shall prove that for k ~ 1, low apart from a constant factor P( , a) '(x) = Pn«i l) (x). Thus we can write (I -x2)P ;,a)'(x) + c1xPla) (x) + c2P ;,~i)(x) = 0 .
Hence for the roots of P( ,a) (x) (1 -
The points xk are the relative maxima of P"+'l(x) . It is well known6 that for a < 1/2 the successive maxima of P,( ' ) (x) increase toward the origin i .e . for a <_-3/2 n+1 ( ) < I r na+-1 ( 1) xk) Pn+i xl P This proves (6) and therefore (5) . By the symmetry of the x it follows that for 1;5n (7) l1(-1) = ln(1) > 118(1) I Thus, finally, from (3), (4), (6) and (7) we obtain our theorem for 1/2 _< a < 3/2 . Suppose now that 0 -a < 1/2 . Then it is well known that 01 <_ 2n.' Thus according to the theorem of \I . Riesz it suffices to consider the interval (x 1 , x,) . Suppose then that 18(x) assumes its absolute maximum at x0, and that x0 is not in (xk_1 , xk+l (1/2 < c <-1) which completes the proof . If a > 3/2 our theorem does not hold any more, since it is easy to see that 11(-1) remains bounded but max lk(x) does not remain bounded . 
